I~ - FRC
NERS
R .o' .Qv‘ "«%’
* * .
european Gy e :
social fund in the

" MINISTRY OF EDUCATION OP Education
czech republic  EUROPEAN UNION

SNSVIY
Vensis

[

2
YOUTH AND SPORTS for Competitivness 4’4NA\’&

INVESTMENTS IN EDUCATION DEVELOPMENT

Conformally flat Lorentzian manifolds with

special holonomy groups

Anton S. Galaev

Masaryk University (Brno, Czech Republic)

Supported by the project CZ.1.07/2.3.00/20.0003 of the Operational Programme
Education for Competitiveness of the Ministry of Education, Youth and Sports of
the Czech Republic.

Anton S. Galaev

Conformally flat Lorentzian manifolds with special holonomy g;



Decomposability of conformally flat pseudo-Riemannian manifolc

Theorem (Kurita 1955). Let (M, g) be an n-dimensional
conformally flat Riemannian manifold. Then its local restricted
holonomy group Hy (x € M) is in general SO(n). If Hy # SO(n),
then for some coordinate neighborhood U of x one of the following
holds:

1) Hy is identity and the metric is flat in U;

2) Hy =SO(k) x SO(n — k) and U is a direct product of a
k-dimensional manifold of constant sectional curvature K and
an (n — k)-dimensional manifold of constant sectional
curvature —K (K # 0);

3) Hx =SO(n—1) and U is a direct product of a straight line
(or a segment) and an (n — 1)-dimensional manifold of

constant sectional curvature.
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Decomposability of conformally flat pseudo-Riemannian manifolc

One says that the connected holonomy group of an indecomposable
pseudo-Riemannian manifold is special if it is different from the

connected component of the pseudo-orthogonal group.

There are no conformally flat Riemannian manifolds with special

holonomy groups.
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Decomposability of conformally flat pseudo-Riemannian manifolc

A subgroup G C SO(r,s) (a subalgebra g C so(r,s)) is called
weakly irreducible if it does not preserve any non-degenerate

proper vector subspace of the tangent space.

A pseudo-Riemannian manifold is not locally decomposable iff its

connected holonomy group is weakly irreducible.
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Decomposability of conformally flat pseudo-Riemannian manifolc

Theorem. Let (M, g) be a conformally flat pseudo-Riemannian
manifold of signature (r,s) with the restricted holonomy group
Hol’(M, g). If (M, g) is not flat, then one of the following holds:

1) Hol’(M, g) = SO(r, s);

2) Hol°(M, g) is weakly irreducible and not irreducible;

3) Hol’(M, g) =SO(r1,s1) x SO(r — ri,s — s1) and (M, g) is
locally a product of a pseudo-Riemannian manifold of
constant sectional curvature K and signature (r1,s1) and a
pseudo-Riemannian manifold of constant sectional curvature
—K (K # 0) and signature (r — r1,s — s1);

4) Hol®(M,g) = SO(r —1,s) (resp., Hol°(M, g) = SO(r,s — 1))
and (M, g) is locally a product of a pseudo-Riemannian
manifold of constant sectional curvature and signature
(r —1,s) (resp., (r,s — 1)) and the space (L, —(dt)?) (resp.,
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Conformally flat Walker metrics

Lorentzian holonomy algebras.

Let (M, g) be a locally indecomposable Lorentzian manifold of
dimension n+2 >4 and g C so(1,n+ 1) be its holonomy algebra,

which is weakly irreducible.

If g C s0(1,n+ 1) is irreducible, then g = so(1, n+ 1).

Any weakly irreducible holonomy algebra g C so(1,n+ 1) preserves
an isotropic line of the tangent space R1:"*1,
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Conformally flat Walker metrics

Fix two isotropic vectors p, g € RV such that g(p,q) = 1. Let
E c RY"+1 be the orthogonal complement to Rp @ Rq. Then

RY 1 = Rp @ E @ Rq.

Denote by sim(n) the maximal subalgebra of so(1,n+ 1)
preserving Rp.

In the matrix form:

Xt 0 acR,
sim(n) = 0 A —X X e R,
0 0 -a A € so(n)

L

Anton S. Galaev Conformally flat Lorentzian manifolds with special holonomy g;



Conformally flat Walker metrics

Identify so(1, n+ 1) with A°’R%*1 in such a way that
(XAY)Z=(X,2)Y — (Y, 2)X,

then
sim(n) = (R & so(n)) + R"

=RpAg+so(E)+pAE.
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Conformally flat Walker metrics

Theorem. (Berard-Bergery, lkemakhen, Leistner, Galaev)

The Lorentzian holonomy algebras g C sim(n) are the following :
(typel)  RpAg+bh+pAE,
(type Il)  bH+pAE,
(type ) {p(A)pAg+AJA€h}+pAE,
(type IV) {A+pAY(A)A€b} +pAE,
where h C s0(E) is a Riemannian holonomy algebra; ¢ : h — R is

a non-zero linear map, 90|[h,h] = 0; for the last algebra E = E; & E»,
b C s0(E1), and ¢ : h — By is a surjective linear | g
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Conformally flat Walker metrics

Let (M, g) be a Lorentzian manifold with the holonomy algebra
g C sim(n).

Locally there exist so called Walker coordinates v, x!, ..., x", u such

that the metric g has the form
g = 2dvdu + h + 2Adu + H(du)?, (2.1)

where
h = hj(x,...,x", u)dx'dx’ is an u-family of Riemannian metrics,
A= Ai(x',...,x", u)dx" is an u-family of one-forms,

H = H(v,x',...,x", u) is a local function on M.
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Conformally flat Walker metrics

On a Walker manifold (M, g) we define the canonical function A
from the equality

Ricp = Ap,
A= 10%H,

The scalar curvature of g:
s = 2\ + sg, where sp is the scalar curvature of h.
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Conformally flat Walker metrics

The Main Theorem. Let (M, g) be a conformally flat Walker

Lorentzian manifold. Then locally

n
g = 2dvdu+ W "(dx')? + 2Adu + (M(u)v* + vHy + Ho)(du)?,
i=1

where

4
(1= A) S (k)2
A=Adx', A=V (—4Ck(u)xkxi +2GCi(u) Z(Xk)2> ,

k=1
Hy = —4C(u)xX*VV — 8, In ¥ + K(u),

s=—(n—-2)(n+1)\(uv)
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Conformally flat Walker metrics

Theorem.

If the function A is non-vanishing at a point, then in a
neighborhood of this point there exist coordinates v, x!, ..., x", u
such that

g =2dvdu+ V¥ Z:(dx")2 + (M(u)v? + vHy + Ho)(du)?,
i=1
where

V= 4 5,
(1= Mu) 2okza(x9)?)

Hy = —8,InV, Hy=VV (a(u)
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Conformally flat Walker metrics

Theorem. If A =0 in a neighborhood of a point, then in a
neighborhood of this point there exist coordinates v, x!, ..., x", u

such that

g = 2dvdu + > (dx')? + 2Adu + (vHy + Ho)(du)?,
i=1

where
n

A=Adx', Ar=Cu)) (x¥)?, Hy = —2C(u)xk

k=1
n 1 n n .
Ho = Z:(xk)2 <4 Z(xk)2 C2(u) — (Cu(u)x*)? 4+ Ce(u)x* + a(u))
k=1 k=1 k=1
In particular, if all C; =0, then the metric can be rewritten in the
form . .
g = 2dvdu+ Y (dx')> + a(u) Y " (x*)*(du). (2.2)

i=1 k=1
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Conformally flat Walker metrics

Remarks.

The field equations of Nordstrom’s theory of gravitation, which

appeared before Einstein's theory, are the following:
W=0, s=0.

Thus we have found all solutions to Nordstrom's gravity with

holonomy algebras contained in sim(n).
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Conformally flat Walker metrics

Similarly, the Einstein equation on Lorentzian manifolds with such
holonomy algebras was studied in

G. W. Gibbons, C. N. Pope, Time-Dependent Multi-Centre
Solutions from New Metrics with Holonomy Sim(n — 2), Class.
Quantum Grav. 25 (2008) 125015 (21pp).

In this case it is impossible to obtain the complete solution, but

the examples of solutions have interesting physical interpretations
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Conformally flat Walker metrics

The case of dimension 4.

Possible holonomy algebras of conformally flat 4-dimensional

Lorentzian manifolds were classified also in

G. S. Hall, D. P. Lonie, Holonomy groups and spacetimes, Class.
Quantum Grav. 17 (2000), 1369-1382.

It is stated that it is an open problem to construct a conformally
flat metric with the holonomy algebra sim(2) (which is denoted in
by Ri4).
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Conformally flat Walker metrics

An attempt to construct such metric is made in

R. Ghanam, G. Thompson, Two special metrics with Ri4-type
holonomy, Class. Quantum Grav. 18 (2001), 2007-2014

where the following metric was constructed:

(dy)? | (dz)?

% + 22 +2(x—|—y2—22)2(dt)2.

g = 2dxdt+4ydtdy —4zdtdz+

Making the transformation
xr—>x—y2—|—z2, y—=y, zw—2z, t—1t,

we obtain

(dy)* | (dz)?

22

This metric is decomposible and its holonomy algebra coincides
with so(1,1) & s0(2), but not with sim(2).

g = 2dxdt + 2x*(dt)? +
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Conformally flat Walker metrics

Thus we get metrics with the holonomy algebra sim(2) for the first

time (even more, we find all such metrics in all dimensions).
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Conformally flat Walker metrics

Sketch of the proof of the Main Theorem.

g = 2dvdu + h + 2Adu + H(du)?,

where
h = hj(x!,...,x", u)dx'dx’ is an u-family of Riemannian metrics,
A= Ai(x',...,x", u)dx" is an u-family of one-forms,

H = H(v,x,...,x", u) is a local function on M.

We must solve The equation W = 0.
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Conformally flat Walker metrics

Consider the local frame

1
p:aw X,-:E),-—A,-&,, qzau_iHav‘

Let E be the distribution generated by the vector fields Xi,...,X,.
Clearly, the vector fields p, g are isotropic, g(p, q) = 1, the
restriction of g to E is positive definite, and E is orthogonal to p
and g. The vector field p defines the parallel distribution of
isotropic lines and it is recurrent, i.e. Vp =60 ® p.

Anton S. Galaev Conformally flat Lorentzian manifolds with special holonomy g;



Conformally flat Walker metrics

Curvature of the walker metric

R(p,q) =—ApAg—pAV,
R(X,Y)=Ry(X,Y)—pA(P(Y)X — P(X)Y),
R(X,q)=—g(V,X)pAg+P(X)-pAT(X), R(p,X)=0

for all X, Y € ['(E).

A is a function,

ver(E),

T € I(End(E)) is symmetric, T* =T,
Ro = R(h),

P € [(E* ® so(E))
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Conformally flat Walker metrics

A :%aEH, V= % (0:0,H — Ai92H) Wi X;,
hiPh = — %ka,-j + %vkh,-j — [hihi,
T; :%V,-VJ-H - %(F,-k + ha)(Fy + hy) ¥ — %(avH)(v,-Aj + V;A)
— SABOH + ADiOH) L (ViAy + TiA)

1 1. 1.
+ 5A,-AJ-aEH + Shy + Zh,-ja&H,
where

F=dA, Fj=0,A —0A
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Conformally flat Walker metrics

The Ricci operator

Ric(p) =Ap, Ric(X) = —g(X,RicP — ¥)p + Ric(h)(X),
Ric(q) = — (tr T)p — Ric(P) + V + Aq,

where Ric P = hiP(X;)X;

Scalar curvature: s =2\ + s
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Conformally flat Walker metrics

Weyl tensor

W =R+ Ry,
where the tensor R, is defined by
Ri(X,Y)=LXAY+XALY,

1
L= g 2<R1C 2(d—1)1d)

d = n+ 2 is the dimension
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Conformally flat Walker metrics

1 — DA —
Ru(p.X) = ~p A <R1c(h) (n n4)—)\1 501d>X,
1 /2n)\— 5
n< d 0p/\q—i—p/\(v—RmP))
%( g(X, v—RlcP)Y gy, V—RlcP)X)
) s

1 — —
RL(X,q):;((trT)p/\X+g(X,\7—RicP)p/\q+X/\(\7—RicP)

+ <Ric(h) + W d) X A q)
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Conformally flat Walker metrics

Lemma The equation W = 0 is equivalent to the following system
of equations:

1
S():—n(n—l))\7 R():—i)\Rid, :D(X):\_/'/\X7 T = fidg,

where X is any section of E and f is a function. In particular,
W = 0 implies that Ric P = —(n — 1)V and the Weyl tensor W of

h is zero.
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Conformally flat Walker metrics

From the lemma it follows that

OyA =0, hence

H= M+ Hyv+Hy, OH =0dHy=0.
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Conformally flat Walker metrics

Each metric in the family h(u) is of constant sectional curvature

with the scalar curvature s = —n(n — 1)\.
The coordinates can be chosen in such a way that

4
(1= Mu) Shoq (xk)2)*

h=W> (dx*)?, V=
k=1

Now we must find the 1-form A and the functions H; and Hp.
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Conformally flat Walker metrics

Part of the equations:
1 1
fl(Sfj = §V,‘VJ'H1 - )\(U)E(ViAj + VJ'A,').
These equations are equivalent to
ViZi=V;Z;, ViZj+V;Z =0, i #J,

where
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Conformally flat Walker metrics

Let n > 3. Then
Zi=V (xin(u)xk = 2Bi(u) Y (x¥)? + di(u)x* + c(u)x’ + c,-(u)> .
Next,

NFj = 0;Zj—0;Zi = W3 ((Bi—2AC;)xI —(Bj—2ACj)x +-22x* (djix’ — dixT)

This implies that Bi(u) = A(u)B;j(u) for some functions B;(u).
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Conformally flat Walker metrics

Another equation: if i, j, k are pair-wise different, then

1 1
0= ViFj = OkFj — 4 FidkV - ija W g PV

— Vo, (w) AFkaf NZRVATR

Consequently,

0 @) = MMV ((Bj—2G)x —(B—2C) ) +2VW (x d—xI d)) +2)

k

Integrating over x*, we get

F,'J' = \U% ((B,'—2C,')Xj—(Bj—2Cj)Xi-l-z(d/,'Xj—d/in)Xl) -V C,'J'(Xi, Xj, U)
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Conformally flat Walker metrics

Using other equations, we get

Nlw

Fj=W

(4Cj(u)xi—4C;(u)xj+)\(u)(C/,-(u)xj— C/j(u)x")x’) -V Gj(u).

Recall that F = dA.

the transformation v — v — ¢(x1,...,x™, u) changes A; to

A; + 0;¢ and does not change F. This allows us to choose any A
such that dA = F. We take

A=V (—4Ck(u)xkxi +2Gi(uv) zn:(xk)Z - ;C,-k(u)xk> .

k=1
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Conformally flat Walker metrics

We are left with the equations

OiHy = —2v <2)\Ck(u)xkxi — ACi(u)

Nlw
S

H o
2Wax'x) Y T CE(u).

0,0 — =
N k=1

Hy = —4C(u)x*VW — 8, In ¥ + K(u)
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Conformally flat Walker metrics

The Main Theorem. Let (M, g) be a conformally flat Walker

Lorentzian manifold. Then locally

n
g = 2dvdu+ W "(dx')? + 2Adu + (M(u)v* + vHy + Ho)(du)?,
i=1

where

4
(1= A) S (k)2
A=Adx', A=V (—4Ck(u)xkxi +2GCi(u) Z(Xk)2> ,

k=1
Hy = —4C(u)xX*VV — 8, In ¥ + K(u),

s=—(n—-2)(n+1)\(uv)
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