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1. Introduction

In this paper, we study points of infinite type on certain real hyper-
surfaces in C2 at which those hypersurface possess a germ of a non-
trivial symmetry. Our interest in those was sparked by a recent paper
of Kang-Tae Kim and Ninh Van Thu, in which they proved that un-
der certain assumptions, either such a real hypersurface is actually not
only of infinite type, but nonminimal (i.e. contains a complex curve),
or the symmetry is a rotation. For a discussion on how theis result
is related to the Greene-Krantz conjecture, we would like to refer the
reader to the above paper. However, their result assumed that a cur-
vature condition holds at the infinite type point (it is, to be exact, a
lineally convex point), and also a certain condition on the vanishing of
certain terms in the Taylor series of its defining function. We therefore
wanted to shed some light on those conditions in terms of our recent
classification of so-called “ruled” hypersurfaces. In particular, we were
able to show that neither of these conditions are actually necessary in
the class of 1-nonminimal hypersurfaces.

This means that we obtain a geometric statement in the class of
1-nonminimal hypersurfaces, which we can explain as follows: Let
M ⊂ C2 be a smooth hypersurface, 0 ∈ M a point of infinite type.
This means that the hypersurface M contains a formal complex curve
through 0, by a result of Fornaess. Our main result is that such a
hypersurface which admits in addition a nontrivial infinitesimal sym-
metry (where nontrivial excludes certain trivial cases, namely rota-
tions and translations) and whose associated formal hypersurface M̃ is
1-nonminimal actually contains a germ of a complex curve through 0.
Before we state the theorem, let us recall what our assumption actually
means.
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The defining equation of M close by 0 is given in local holomorphic
coordinates (z, w) as

Imw = P (z, z̄) + (Rew)A(z, z̄) +O((Rew)2),

where P and A are germs of smooth, real-valued functions at 0 ∈ C2.
If M is of infinite type at 0, then P (z, z̄) vanishes to infinite order at 0.
M being formally 1-nonminimal means that the formal hypersurface
defined by

Imw = (Rew)Ã(z, z̄),

where Ã(z, z̄) ∈ Fz, z̄ is the Taylor series of the smooth function A, is
1-nonminimal (i.e. not Levi-flat).

Theorem 1.1. Assume that M ⊂ C2 is a smooth hypersurface through
0 ∈ C2 and that M is of infinite type at 0 and formally 1-nonminimal
at 0. If there exists a nontrivial germ of a holomorphic vector field X
at 0 whose real part is tangent to M near 0, then either there exist
holomorphic coordinates in which X takes one of the forms

X = iz
∂

∂z
, X =

∂

∂z

or M contains the germ of a holomorphic curve in C2 through 0.

Let us point out that this means in particular that if M is a germ of a
smooth hypersurface through 0 which is of infinite type at 0 and which
has a nontrivial holomorphic symmetry, then in suitable coordinates
the defining equation of M takes one of the forms

Imw = ϕ(z+z̄,Rew), Imw = ϕ(|z|2,Rew), Imw = Rewϕ(z, z̄,Rew).

If

X =

(∑
j

αj(z)wj

)
∂

∂z
+

(∑
j

βj(z)wj+1

)
∂

∂w
=
∑
j≥m

Xj

is an infinitesimal symmetry of M split according to the weighted de-
gree where z has weight 0 and w has weight 1, it necessarily is an
infinitesimal symmetry of M̃ , so the lowest degree homogeneous term
Xm is tangent to Imw = RewÃ(z, z̄). These fields as well as the pos-
sible choices for Ã have been studied and characterized completely in
the article of the authors, so we have to show that if an X with such a
lowest order term is tangent to M , then necessarily P (z, z̄) = 0.

We are first going to prove some Lemmata which will settle that
case m ≥ 1. This splits naturally into two cases according to whether
αm(0) = 0 or not. Since the latter one is simpler, we start with this
case.
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Lemma 1.2. If αm(0) 6= 0, then P (z, z̄) = 0 for all z close to 0.

Proof. By the remark following Proposition 14 of [12], we can assume
that we have chosen local holomorphic coordinates such that Xm =
wm ∂

∂z
. We now apply X = Xm + X̂, where

X̂ = wm+1r(z, w)
∂

∂z
+ wm+2s(z, w)

∂

∂w
,

to the defining equation of M , we obtain the equations

(−1)m(1 + iPr)Pz + (1− iPr)Pz̄ = AP

(−1)m
−m+ i(m+ 1)Pr + P 2rw

Q+ i
Pz +

−m− i(m+ 1)P r̄ + P 2r̄w̄
Q− i

Pz̄ = BP,

where A and B are smooth. Since the coefficient functions of Pz and
Pz̄ of these two equations are linearly independent at 0, we see that

Pz = CP, Pz̄ = DP,

where C and D are smooth. By uniqueness of solutions to ODE, we
conclude that P (z, z̄) = 0. �

Lemma 1.3. If αm(0) = 0, then P (z, z̄) = 0 for all z close to 0.

Proof. We can again use [12]. This time, it follows from the fact that
Xm is tangent to Imw = RewÃ(z, z̄) that Ã(z, z̄) is actually convergent
and that one can choose holomorphic coordinates in which

Xm = α0zw
m ∂

∂z
+ wm+1 ∂

∂w
.

As before, we write X = Xm + X̂, where

X̂ = r(z, w)wm+1 ∂

∂z
+ s(z, w)wm+2 ∂

∂w
,

and consider the equation (ReX)(v − P (z, z̄)− uQ(z, z̄, u) = 0 if v =
P (z, z̄)+uQ(z, z̄, u). The terms constant and linear u in that equation
yield:

(−1)m (irP + αz)Pz + (−ir̄P + ᾱz̄)Pz̄ = AP

(−1)m
P 2rw − I(m+ 1)Pr −mαz

Q+ i
Pz +

P 2r̄w̄ + I(m+ 1)Pr −mᾱz
Q− i

Pz̄ = BP,

where A(z, z̄) and B(z, z̄) are smooth. Since P vanishes to infinite
order at z = 0, we can rewrite this equation as

(−1)ma(z)zPz + a(z)z̄Pz̄ = AP

(−1)mb(z)zPz + b(z)z̄Pz̄ = BP,
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where a(0) = α and b(0) = −imα. Since∣∣∣∣a(0) a(0)

b(0) b(0)

∣∣∣∣ =

∣∣∣∣ α α
−imα imᾱ

∣∣∣∣ = 2im|α|2 6= 0

we can write

zPz = CP, z̄Pz̄ = DP,

for some smooth functions C and D. We claim that this implies that
P = 0.

Evaluating along a line through z0 and writing ϕ(t) = P (tz0), we see
that ϕ satisfies the equation

tϕ′(t) = σ(t)ϕ(t)

for a smooth function σ defined in a neighbourhood of 0 ∈ R. We claim
that this implies ϕ(t) = 0 for small t. Indeed, if σ(0) = 0, ϕ(t) satisfies
the ODE ϕ′(t) = ϕ(t)σ̂(t) and since σ̂(t) is smooth and ϕ is flat at 0
it follows that ϕ(t) = 0. If on the other hand, σ(0) = a 6= 0 then if
ϕ(t) 6= 0 for small positive (or negative) t, then by writing

ϕ′(t)

ϕ(t)
=
σ(t)

t
,

we see that |ϕ(t)| ' |t|a, hence also in that case ϕ = 0. �

For the case m = 0, several additional Lemmata are needed.

Lemma 1.4. Assume that X = αz ∂
∂z

+tw ∂
∂w

+X̂ with α 6= 0 is tangent
to v = P + uQ. Then after rescaling, α = i, necessarily P (z, z̄) =
P (|z|), and if P 6= 0, then t = 0.

Proof. Since αz ∂
∂z

+ tw ∂
∂w

is tangent to v = uQ(z, z̄, 0), we have that
α is imaginary and t is real, and by rescaling, we can assume α = i.
Computation shows that there exist smooth functions ϕ and ψ such
that

Re izϕPz = ψP,

where ψ(0) = t. Changing to polar coordinates (r, θ), we obtain Pθ =

ψ̃P with ψ̃(0) = t. So necessarily t = 0. �

Lemma 1.5. Assume that X = iz ∂
∂z

+Xm + X̂ is given and that Xm

is holomorphic. Then there exists a holomorphic change of coordinates
in which Xm is given by

Xm = αzwm
∂

∂z
+ βwm+1 ∂

∂w
.
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Proof. Let us introduce new coordinates by (x, y) ∈ C2 by

z = x+ ymf(x)

w = y + ym+1g(x).

We compute the transformation formula for the basis vector fields up
to terms homogeneous of degree m (where we assign weight 1 to y and
weight 0 to x):

∂

∂z
= (1− ymf ′(x))

∂

∂x
− ym+1g′(x)

∂

∂y

∂

∂w
= −mym−1f(x)

∂

∂x
+ (1− (m+ 1)ymg(x))

∂

∂y
.

Hence, if Xm = α(z)wm ∂
∂z

+ β(z)wm+1, then in the new coordinates,
Xm is given by

Xm = (β(x)− β(0)− xg′(x)) ym
∂

∂x
+(α(x)− α′(0)x− i(f(x)− xf ′(x))) ym+1 ∂

∂y
.

Hence, we can obtain the desired form for suitable holomorphic f(x)
and g(x). �

Lemma 1.6. Assume that X = iz ∂
∂z

+Xm + X̂, where

Xm = αzwm
∂

∂z
+ βwm+1 ∂

∂w
,

has ReX tangent to v = uQ̃(z, z̄, u). Then ReXm is tangent to v =
uQ̃(z, z̄, 0) and Q̃(z, z̄, 0) = Q̃1(|z|2).

Proof. Let us write Q̃(z, z̄, u) =
∑

j Q̃j+1(z, z̄)uj. First, we consider
the terms of homogeneity k < m+ 1 in the tangency equation

(ReX)(v − uQ̃(z, z̄, u))

∣∣∣∣
v=uQ̃

= 0,

which are given by the terms of homogeneity k in

(ReX0)(v − uQ̃(z, z̄, u))

∣∣∣∣
v=uQ̃

= 0.

Computation shows that this implies

Re izQ̃k,z = 0.

Hence our claim of Q̃1(z, z̄) = Q̃1(|z|2) is established.
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Now the terms of homoegeneity m+ 1 in the tangency equation are
simply

−um+1 Re izQ̃m+1,z + ReXm(v − uQ̃1)

∣∣∣∣
v=uQ̃1

= 0.

From the form of Xm and the fact that Q1(z, z̄) = Q1(|z|2) we see that
the second term cannot contain any monomials except for um+1|z|2a.
These are, however, zero in the first term. Hence ReXm is tangent to
v = uQ̃1. Furthermore, necessarily Q̃m+1(z, z̄) = Q̃m+1(|z|2). �

Lemma 1.7. Assume that X = iz ∂
∂z

+ αzwm ∂
∂z

+ βwm+1 ∂
∂w

+ X̂ with
Reα 6= 0 and β ∈ R\{0} has ReX tangent to v = P (|z|2)+uQ(z, z̄, u).
Then P = 0.

Proof. We consider the terms homogeneous in degree 0 and 1 in the
equation

(ReX)(v − P − uQ)

∣∣∣∣
v=P+uQ

= 0.

These give rise to equations (where we substitute x = |z|2)

xa(x, P )P ′ = Pb(x, P )

xc(x, P )P ′ = Pd(x, P ).

where
a(0, 0) = α + (−1)mᾱ

b(0, 0) =
i

2
((−1)m − 1)

c(0, 0) = α + (−1)m+1ᾱ

d(0, 0) =
(m+ 1)

2
((−1)m − 1).

Corresponding to whether m is even or odd, either the first or the
second equation gives rise to a Fuchsian equation for P which has only
the zero solution. �

We can now prove 1.1. If our vector field X is of the form X = Xm+
X̂ with the lowest order homogeneous term Xm being of degree m ≥ 1,
then according to whether (w−mXm)(0) = 0 or (w−mXm)(0) 6= 0, we
apply 1.3 or 1.2, respectively, which shows that in either case P = 0.

We are thus left with the case that X = X0 + X̂. If X0(0) 6= 0,
we can choose holomorphic coordinates in which X = ∂

∂z
. If on the

other hand, X0(0) = 0, we know from [12] that in suitable holomorphic
coordinates, X0 = iz ∂

∂z
+ tw ∂

∂w
. Now we apply 1.4 in order to see that

if P 6= 0, then necessarily t = 0. Hence we only need to deal with
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that case. By applying 1.5 inductively, we see that either there exist
holomorphic coordinates in which X = iz ∂

∂z
+ Xm + X̂ with Xm 6= 0

or formal coordinates for which X = iz ∂
∂z

. In the later case, there also
exist holomorphic coordinates with that property.

If on the other hand Xm 6= 0, we have

Xm = αzwm
∂

∂z
+ βwm+1 ∂

∂w
.

By 1.6, it follows that Xm is tangent to the formal hypersurface Imw =
RewQ1(|z|2). It follows now from [12] that necessarily β ∈ R\{0} and
Reα 6= 0. Hence we are in the position to apply 1.7 in order to conclude
that in this case P = 0.
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[11] Kolář, M. The Catlin multitype and biholomorphic equivalence of models,
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