AUTOMORPHISM GROUPS OF LEVI DEGENERATE
HYPERSURFACES IN C3
MARTIN KOLAR AND FRANCINE MEYLAN
Abstract. We give a complete description of hypersurfaces of finite Catlin multitype,
which admit nonlinear nonrigid symmetries. As a consequence, we obtain a complete
classification of possible symmetry groups of such manifolds.

1. Introduction
By the classical results of Chern and Moser, Beloshapka and Kruzhilin, symmetries
of strongly pseudoconvex nonspherical hypersurfaces are linear in normal coordinates, as
defined by Chern and Moser. Moreover, the symmetries of the sphere itself are generated
by holomorphic vector fields with at most quadratic coefficients. Hence, on an arbitrary
strongly pseudoconvex hypersurface, automorphisms are determined by their 2-jets.
More recently, automorphism groups have been studied on Levi degenerate manifolds of
finite type. In complex dimension two, the situation is quite similar to the nondegenerate
case. Except for the sphere and its higher type analogs given by Im w = |z|k , all
automorphisms are linear in normal coordinates, constructed in [24].
In higher dimensions Levi degenerate manifolds in general admit nonlinear symmetries
generated by vector fields with coefficients of arbitrarily high degree.
On the other hand, the results of [22] give a sharp jet determination result, which shows
that in general symmetries are determined by weighted jets of order at most one, which
gives some hope to classify all nonlinear symmetries explicitely.
Our aim in this paper is to study and classify nonlinear symmetries of Levi degenerate
hypersurfaces in complex dimension three.
Nonlinear vector fields which are real tangent to M fall naturally into two classes. If its
coefficients depend only on complex tangential variables, the vector field is called rigid.
This class of vector fields is analysed in [23]. In this paper we study nonlinear vector
fields which are not rigid. We obtain a complete classification of hypersurfaces of finite
multitype which admit such symmetries.
Combining the results of this paper with [22] and [23] gives a complete understanding
of possible symmetry groups for hypersurfaces of finite multitype in C3 .
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2. Nontransversal shifts
We refer the reader to [22] for the notation used below.
In this section we describe all hypersurfaces in C3 for which a nontransversal shift can
be integrated.
Lemma 2.1. Let X = i∂z1 be a nontransversal vector field such that ReX(P ) = 0. If
there is a vector field Y in aut(MH , p) such that [Y, W ] = X, then P has the form
(2.1)

P (z, z̄) = P0 (z2 , z̄2 ) + x1 P1 (z2 , z̄2 ) + x21 P2 (z2 , z̄2 ).

Proof. By assumption, we may write P as
(2.2)

P (z, z̄) =

m
X

xj1 Pj (z 0 , z̄ 0 ),

j=0

where Pm 6= 0. Suppose, by contradiction, that m > 2. We split Y according to the powers
of z1 , writing
(2.3)

Y = iw∂z1 +

k
X

Yj ,

j=−m

where Yj is of the form
(2.4)

Yj = ϕ1 j (z2 )z1 j+1 ∂z1 + ϕ2 j (z2 )z1 j ∂z2 + ψ j (z2 )z1 j+m ∂w ,

with ϕ1 j (z2 ) = ϕ1 j (z2 ) = 0 for j < 0. We notice that 2m − 1 ≤ m + k. Indeed, if not,
applying Re Y to P − v the first term of the right handside of (2.3) will contain a term
−mPm2 x1 2m−1 which can not cancel, since all other terms are of maximal power m + k
with respect to z1 .
We next claim that ϕ1 k (z2 ) = 0 and Pm is constant. Indeed, we have
(2.5)

Re Yk (xm
1 Pm ) = 0,

since Re Y (P − v) = 0. We observe that, since m > 2, Re ψ k (z2 )z1 k+m cannot contain
terms in x1 y1 m+k−1 and in y1 m+k . Hence ψ k (z2 ) = 0.
Expanding 2.5 we obtain
∂Pm
∂z2
2
k
Comparing degrees in z , we see that wt.ϕ1 = wt.Pm . Looking at coefficients of xm−1 y k+1
we obtain that ϕk1 is a constant, hence Pm is a constant.
Collecting terms of degree 2m − 1 with respect to z1 , we obtain
(2.6)

k
δk,m−1 mx2m−1
Pm2 = mxm−1
Pm Re ϕk1 z1k + xm
1
1
1 Re ϕ2 z1

(2.7)

−mPm2 x1 2m−1 = x1 m−1 Re (αm−1 (z2 )z1 m ) + . . .
+x1 Re (α1 (z2 )z1 2m−2 ) + Re (α0 (z2 )z1 2m−1 ).
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Comparing weighted degrees on both sides we obtain that αj (z2 ), j = 0, . . . , m − 1, are
constant.
We claim that αj (z2 ), j = 0, . . . , m − 1, are uniquely determined by (2.7).
(2.8)

αm−2 = Re λ(z2 )Pm−1 − Re µ(z2 )∂z2 Pm−2 ,

where the right handside is homogeneous. Therefore, either Pm−1 is constant or ∂z2 Pm−2 is
constant. Both cases lead to a contradiction, for P is a weighted homogeneous polynomial.
This achieves the proof of the lemma.

Lemma 2.2. In the notation of the previous Lemma, we have P2 = constant.
Proof. By comparing the coefficients of degree 2 + k with respect to z1 , with k given by
(2.3), we obtain one of the following equation, depending of the value of k:
∂P2
(2.9)
2x31 P22 = 2x1 P2 Re ϕ21 z12 + x21 Re ϕ12 z1
+ Re (h(z2 )z13 ),
∂z2
if k = 1, or
∂P2
k+1
(2.10)
0 = x21 Re (ϕk2 z1k
) + 2x1 P2 Re (ϕk+1
) + Re (h(z2 )z1 k+2 )
1 z1
∂z2
if k 6= 1. Suppose that the first equation (2.9) holds. We notice that if h(z2 ) 6= 0 in (2.9)
then it is a constant, by comparing terms in y13 . Using the fact that Y has weight 1 − µ1 ,
1
and the fact that z13 ∂w has weight 3µ1 − 1, we obtain that µ1 = , and hence P2 is a
2
constant.
Assume now that h(z2 ) = 0.
Again, comparing degrees in z 2 , we see that wt.ϕ11 = wt.P2 . Looking at coefficients of
x1 y12 we obtain that ϕ11 is a constant, hence P2 is a constant.
If the second equation (2.10) holds, then, by looking to the terms of the form y12+k , we
see that h(z2 ) is a constant. Comparing the term in x1 y12+k−1 , we obtain P2 Re (ϕk+1
1 ) is
a constant. Therefore P2 is constant since Re (ϕk+1
)
=
6
0.
This
achieves
the
proof
of the
1
lemma.

Lemma 2.3. Let X = i∂z1 be a nontransversal vector field such that Re X(P ) = 0. Let
P be of the form
(2.11)

P (z, z̄) = x1 P1 (z2 , z̄2 ) + P0 (z2 , z̄2 )

There is a vector field Y in aut(MH , p) such that [Y, W ] = X, if and only if P1 (z 0 ) is
harmonic and P0 admits a complex reproducing field, hence
(2.12)

P = (Re z1 )Re h(z2 ) + c|z2 |l+1

Proof. We obtain by integrating X
(2.13)

Y = iw∂z1 +

2
X
j=1

ϕj ∂zj + ψ∂w
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Applying Y to P − v we obtain from Re Y (P − v) = 0, using Re X(P ) = 0,
(2.14)

P0 P1 + x1 P12 = Re ϕ2

∂P0
∂P1 1
+ Re (ϕ01 + z1 ϕ11 )P1 + x1 Re ϕ2
+ Imψ
∂z2
∂z2
2

Comparing the coefficients of the constant terms and coefficients of x1 , y1 we obtain
(2.15)

P0 P1 = Re ϕ02

∂P0
1
+ Re ϕ01 P1 + Imψ10 .
∂z2
2

and
(2.16)

x1 P12 = x1 Re ϕ02

∂P0 1
∂P1
+ Re (ϕ11 z1 )P1 + ϕ12 z1
+ Imψ11 .
∂z2
∂z2
2

Let k be as in (2.3). First assume k > 1. Then we get

(2.17)

0 = Re (ϕk1 z1k )P1 + x1 Re

n
X

ϕk−1
z1k−1
j

j=2

∂P1 1
+ Imψ1k z1k .
∂zj
2

Looking at the coefficient of z̄1 z1k−1 , we see that the middle term is zero. Then, we see
that Re (ϕk1 z1k )P1 is harmonic, which implies that P1 is constant.
Now let k = 1. We get
(2.18)

x1 P12 = x1 Re ϕ02

∂P1
1
+ Re (ϕ11 z1 )P1 + Imz1 ψ11
∂zj
2

Comparing coefficients of y1 , we get
1
Imϕ11 P1 + Re ψ11 = 0.
2
This implies that P1 is harmonic, P1 = cRe ϕ11 .
Now let k = 0. Then
∂P1
1
∂P0
(2.19)
x1 P12 + P0 P1 = x1 Re ϕ02
+ Re ϕ02
+ Re (ϕ01 z1 )P1 + Imψ10
∂zj
∂zj
2
which gives
(2.20)

P12 = Re ϕ02

∂P1
∂zj

which implies that P1 = 0, since the left hand is positive, and the right hand side contains
no diagonal terms, which is a contradiction.
We return to the case k ≥ 1 and continue the proof. using that P1 is harmonic. For
terms of order zero we use equation (2.15),
(2.21)

P0 P1 = Re (ϕ01 )P1 + Re ϕ02

∂P0
+ Imψ 0
∂zj
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We obtain, using the form of P1 ,
(2.22)

P0 Im(αz2l ) = Re (δz2l+1 )P1 + Re (βz2l+1

∂P0
) + Imγz22l+1 .
∂z2

Write P0 as
(2.23)

P0 (z2 , z̄2 ) =

l+1
X

Aj z2j z̄2l+1−j

j=j0

and Aj0 6= 0. Substituting into () and comparing coefficients of z2j0 z̄2l+1 we obtain
(2.24)

α = j0 β,

ᾱ = (l + 1 − j0 )β̄

which gives
(2.25)

2a = l + 1

which means that P0 = c|z|l+1 . To conclude, we have proved that P has the form
P = (Re z1 )Re h(z2 ) + c|z2 |l+1

(2.26)
where h is holomorphic.


Lemma 2.4. Let X = i∂z1 + h∂w be a nontransversal vector field such that Re X(P ) = 0
given in multitype coordinates. Let P has the form
(2.27)

P (z, z̄) = |z1 |2 + Re z1 P1 (z2 , z̄2 ) + P0 (z2 , z̄2 )

Then there is a vector field Y in aut(MH , p) such that [Y, W ] = X, if and only if P1 = 0
and P0 admits a complex reproducing field, hence P has the form
X
(2.28)
P (z, z̄) = |z1 |2 +
Aα,β z α z̄ β .
|α|=|β|

Proof. We have
(2.29)

X = i∂z1 − 2z1 ∂w .

Hence
(2.30)

Y = iw∂z1 − 2z1 w∂w + ϕ1 ∂z1 + ϕ2 ∂z2 + ψ∂w

Applying Re Y to P − v we obtain
∂P
∂P
1
+ Re ψ2
=0
(2.31)
(2x1 + P1 )(|z1 |2 + Re z1 P1 (z2 , z̄2 ) + P0 (z2 , z̄2 )) + Re ψ1
2
∂z1
∂z2
since ϕ = 0 because P contains no harmonic terms. Comparing terms of second order in
z1 we obtain
1
(2.32)
2x21 P1 + P1 |z1 |2 + Re (ϕ11 z1 )z̄1 + Re ϕ12 z1 x1 = 0.
2

6

MARTIN KOLAR AND FRANCINE MEYLAN

for the coefficient of y12 we obtain
1
2P1 + P1 + Re ϕ1 = 0
2
hence P1 is harmonic, therefore P1 = 0, since we are in multitype coordinates.
Further, from the coefficients of first order terms in z1 we obtain
∂P0
(2.34)
2x1 P0 + Re z1 ψ2
=0
∂z2
which gives
∂P0
(2.35)
P0 = ψ 2
,
∂z2
hence P0 has a complex reproducing field, as claimed.
(2.33)



Combining the above results with [22] and [23], we obtain a complete classification of
hypersurfaces with nonlinear symmetries, including information about the dimensions of
the symmetry groups.
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[23] Kolář, M., Meylan, F., A classification of generalized rotations in C3
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